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Change of variabile in ordinary differential equations
Given
y′x = f(x, y(x)) (E)
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Change of variabile in ordinary differential equations
Given
y′x = f(x, y(x)) (E)
Consider the map (x, y) 7→ (ξ, η) where ξ = ξ(x, y) and η = η(x, y)
are C1 and
det
ξx(x, y) ξy(x, y)
ηx(x, y) ηy(x, y)
 6= 0
Thus (E) is changed to
Dxη(x, y)
Dxξ(x, y)
= η′ξ =
ηx + ηy y
′
ξx + ξy y′
=
ηx + f(x, y)ηy
ξx + f(x, y)ξy
(T)
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the last expression in (T) contains (x, y) to complete the coordinate
change we have to revert the map solving the systemξ(x, y) = ξη(x, y) = η =⇒
x = xˆ(ξ, η)y = yˆ(ξ, η)
and substituing in (T) the founded expressions for x and y
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Example
Consider the Riccati equation
y′x = xy
2 − 2y
x
− 1
x3
(R)
with the change of variables (ξ, η) = (x2y, lnx) we find
η′ξ =
1
x
+
(
xy2 − 2y
x
− 1
x3
)
× 0
2xy +
(
xy2 − 2y
x
− 1
x3
)
x2
=
1
x
x3y2 − 1x
=
1
x4y2 − 1 (C)
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solve with respect to (x, y)ξ = x2yη = lnx =⇒
x = eηy = ξe−2η
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solve with respect to (x, y)ξ = x2yη = lnx =⇒
x = eηy = ξe−2η
and then substituite in (C)
η′ξ =
1
x4y2 − 1 =
1
e4ηξ2e−4η − 1 =
1
ξ2 − 1 =
1
2
(
1
ξ − 1 −
1
ξ + 1
)
(C1)
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solve with respect to (x, y)ξ = x2yη = lnx =⇒
x = eηy = ξe−2η
and then substituite in (C)
η′ξ =
1
x4y2 − 1 =
1
e4ηξ2e−4η − 1 =
1
ξ2 − 1 =
1
2
(
1
ξ − 1 −
1
ξ + 1
)
(C1)
Thus if ln c is an integration constant integrating (C1)
η = ln c+
1
2
ln
ξ + 1
ξ − 1
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eventually going back to the original variables
lnx = ln c+
1
2
ln
x2y + 1
x2y − 1 = ln
(
c
√
x2y + 1
x2y − 1
)
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eventually going back to the original variables
lnx = ln c+
1
2
ln
x2y + 1
x2y − 1 = ln
(
c
√
x2y + 1
x2y − 1
)
therefore
x = c
√
x2y + 1
x2y − 1 =⇒ y =
c2 + x2
x2(c2 − x2)
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Prove that the differential equation
y′x =
y3 + x2y − y − x
xy2 + x3 + y − x
is transformed by the change of variables (x, y) 7→ (ξ, η) where ξ(x, y) =
arctan
y
x
and η(x, y) =
√
x2 + y2 in
ρ′ξ = ρ(1− ρ2)
Then use this fact to integrate the original differential equation.
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Prove that the differential equation
y′x =
y − 4xy2 − 16x3
y3 + 4x2y + x
is transformed by the change of variables (x, y) 7→ (ξ, η) where ξ(x, y) =√
4x2 + y2 and η(x, y) = arctan
y
2x
in
ρ′ξ = −2ξ
Then use this fact to integrate the original differential equation.
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Equazioni differenziali (lineari) di ordine 2
ay′′(x) + b y′(x) + c y(x) = u(x)
a, b e c sono costanti reali, a 6= 0 e u(x) una funzione continua.
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soluzione e` univocamente determinata qualora si fissino i valori y′ (x0)
e y (x0)
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Equazioni differenziali (lineari) di ordine 2
ay′′(x) + b y′(x) + c y(x) = u(x)
a, b e c sono costanti reali, a 6= 0 e u(x) una funzione continua. La
soluzione e` univocamente determinata qualora si fissino i valori y′ (x0)
e y (x0) se tali valori non vengono specificati abbiamo infinite soluzioni
dipendenti da due parametri arbitrari Se u(x) = 0 l’equazione si dice
omogenea
ay′′(x) + by′(x) + cy(x) = 0 (om)
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Per trovare le soluzioni di (om) si ricercano soluzioni di tipo esponen-
ziale:
y(x) = eλx
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Per trovare le soluzioni di (om) si ricercano soluzioni di tipo esponen-
ziale:
y(x) = eλx
Derivando troviamo:
y′(x) = λy(x), y′′(x) = λ2y(x)
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Per trovare le soluzioni di (om) si ricercano soluzioni di tipo esponen-
ziale:
y(x) = eλx
Derivando troviamo:
y′(x) = λy(x), y′′(x) = λ2y(x)
In questo modo arriviamo all’equazione algebrica:
aλ2 + bλ+ c = 0
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∆ = b2 − 4ac > 0: due radici reali e distinte:
λ1,2 =
−b±√b2 − 4ac
2a
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∆ = b2 − 4ac > 0: due radici reali e distinte:
λ1,2 =
−b±√b2 − 4ac
2a
Ogni soluzione di (om) e` combinazione lineare di due funzioni espo-
nenziali:
y(x) = c1e
λ1 x + c2e
λ2 x
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∆ = b2 − 4ac > 0: due radici reali e distinte:
λ1,2 =
−b±√b2 − 4ac
2a
Ogni soluzione di (om) e` combinazione lineare di due funzioni espo-
nenziali:
y(x) = c1e
λ1 x + c2e
λ2 x
in cui c1 e c2 sono costanti arbitrarie
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Esempio Risolvere il problema
y′′(x) =
1
9
y(x)
y(0) = 0
y′(0) =
1
3
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y′′(x) =
1
9
y(x)
y(0) = 0
y′(0) =
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y(x) = c1 cosh
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1
3
x
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+ c2 sinh
(
1
3
x
)
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risolve l’equazione differenziale
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Esempio Risolvere il problema
y′′(x) =
1
9
y(x)
y(0) = 0
y′(0) =
1
3
y(x) = c1 cosh
(
1
3
x
)
+ c2 sinh
(
1
3
x
)
risolve l’equazione differenziale bisogna scegliere i coefficienti in modo
da soddisfare le condizioni iniziali
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∆ = b2 − 4ac < 0:
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∆ = b2 − 4ac < 0:
y(x) = eαx (c1 cos(β x) + c2 sin(β x))
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∆ = b2 − 4ac < 0:
y(x) = eαx (c1 cos(β x) + c2 sin(β x))
dove α ± iβ sono le radici complesse coniugate dell’equazione carat-
teristica
14/18 Pi?
22333ML232

y′′ − 2y′ + 6y = 0
y(0) = 0
y′(0) = 1.
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
y′′ − 2y′ + 6y = 0
y(0) = 0
y′(0) = 1.
Equazione caratteristica λ2 − 2λ+ 6 = 0
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
y′′ − 2y′ + 6y = 0
y(0) = 0
y′(0) = 1.
Equazione caratteristica λ2 − 2λ+ 6 = 0 radici λ = 1± i√5.
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
y′′ − 2y′ + 6y = 0
y(0) = 0
y′(0) = 1.
Equazione caratteristica λ2 − 2λ + 6 = 0 radici λ = 1 ± i√5. Le due
soluzioni sono:
y1(x) = e
x sin
(√
5x
)
,
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
y′′ − 2y′ + 6y = 0
y(0) = 0
y′(0) = 1.
Equazione caratteristica λ2 − 2λ + 6 = 0 radici λ = 1 ± i√5. Le due
soluzioni sono:
y1(x) = e
x sin
(√
5x
)
, y2(x) = e
x cos
(√
5x
)
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
y′′ − 2y′ + 6y = 0
y(0) = 0
y′(0) = 1.
Equazione caratteristica λ2 − 2λ + 6 = 0 radici λ = 1 ± i√5. Le due
soluzioni sono:
y1(x) = e
x sin
(√
5x
)
, y2(x) = e
x cos
(√
5x
)
combinazione lineare y(x) = c1y1(x) + c2y2(x) con c1, c2 ∈ R delle due
soluzioni trovate per soddisfare le condizioni iniziali:
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y(0) = c1y1(0) + c2y2(0) = c2y′(0) = c1y′1(0) + c2y′2(0) = c1√5 + c2c2 = 0c1√5 + c2 = 1
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y(0) = c1y1(0) + c2y2(0) = c2y′(0) = c1y′1(0) + c2y′2(0) = c1√5 + c2c2 = 0c1√5 + c2 = 1 =⇒

c2 = 0
c1 =
1√
5
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∆ = a2 − 4b = 0:
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∆ = a2 − 4b = 0:
y(x) = c1e
λx + c2xe
λx
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∆ = a2 − 4b = 0:
y(x) = c1e
λx + c2xe
λx
ove λ e` la sola soluzione dell’equazione caratteristica
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Matricola Nome Cognome E1 E2 E3 E4 E5
Pier Filippo Angelini 100 100 95 100 90 29,1
Eugenio Baruffi 100 100 100 100 90 29,4
0000695892 Daniela Boi 100 100 100 100 90 29,4
Alessandro Bontadini 100 100 100 90 95 29,1
Vincenzo Catalano 100 100 100 100 90 29,4
0000665869 Domenico Catauro 100 100 100 100 85 29,1
Vladislav Diacenco 100 100 80 100 90 28,2
000686446 Matteo Emiliozzi 100 100 100 90 90 28,8
Rosangela Farina 100 100 100 90 100 29,4
000069501 Claudia Matzeu 100 100 100 100 85 29,1
Beatrice Mazzotta 100 100 100 90 100 29,4
Pierluigi Pederzoli 100 100 100 90 85 28,5
Marco Pieraccini 100 100 100 100 100 30
Gianluca Piovani 100 100 100 100 100 30
0000673604 Hannes Pircher 100 100 100 100 85 29,1
Lorenzo Ragazzi 100 100 100 100 90 29,4
Lorenzo Rizzi 100 100 100 100 90 29,4
Luca Ruffini 100 100 100 100 85 29,1
Matteo Sabattini 100 100 100 100 100 30
Giovanni Tonelli 70 100 100 100 90 27,6
Marisa Urso 100 100 100 100 100 30
Elisa Venturi 100 100 100 100 100 30
